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Abstract
We show that the Fu-Kane-Mele invariant of the 2d time-reversal-invariant crystalline insulators is
equal to the properly normalized Wess-Zumino action of the so-called sewing matrix field defined
on the Brillouin torus. Applied to 3d, the result permits a direct proof of the known relation
between the strong Fu-Kane-Mele invariant and the Chern-Simons action of the non-Abelian Berry
connection on the bundle of valence states.
I. INTRODUCTION
2d crystalline insulators invariant under odd time-reversal are classified by the Kane-Mele Z2-valued bulk
invariant introduced in [13] and rewritten in [8] in a form that will be used here. In [9], a similar Z2-valued
invariant, called strong, was defined for 3d time-reversal invariant (TRI) crystalline insulators. The physical
importance of such invariants relies on the fact that their nontrivial value guaranties the existence of robust
massless edge modes in finite samples of TRI crystals. In [16], the origin of the Z2-valued invariants in 3d
and 2d was traced back to the integer-valued 2nd Chern number of the vector bundle of valence Bloch states
of 4d crystalline insulators without TRI. This was achieved in a chain of dimensional reductions from 4 space
dimensions to 3 and then from 3 to 2. In particular, a Z2-valued invariant of 3d TRI insulators was expressed
as the Chern-Simons (CS) action functional of the non-Abelian Berry connection of the 3d valence bundle.
The CS action, when normalized to change by even integers under gauge transformations, is forced by TRI
to take integer values giving rise to a Z2-valued index. An indirect proof that such an index coincides with
the strong invariant defined in [9] was given in [7], where it was shown that both represent the same Z2
subgroup of the Real K-theory group KR−4 of the 3d Brillouin torus.
A continuation of the line of thought of [16] permits to define an invariant of 2d TRI crystals using another
topological action functional: the Wess-Zumino action (WZ) of the so called sewing-matrix field defined on
the 2d Brillouin torus. When properly normalized, such an action is defined modulo even integers and it takes
integer values when calculated on the sewing-matrix field. The main result of this note is a direct proof that
the 2d Z2-valued invariant obtained this way coincides with the one defined in [8]. Sec. 2 is devoted to the
precise statement of the result and Sec. 3 to its proof employing the technique of bundle gerbes, particularly
suitable for the calculation of WZ actions. In Sec. 3, we show, basing on [16], that our 2d result also permits
to directly prove the equality between the CS action of the 3d Berry connection and the strong Z2 invariant
of [9].
II. STATEMENTS OF THE MAIN RESULT
Consider a smooth family of Hermitian N ×N matrices H(k) parameterized by k ∈ Rd and satisfying the
relations
H(k + b) = H(k) for b ∈ 2πZd , (II.1)
θH(k)θ−1 = H(−k) for an antiunitary θ : CN → CN with θ2 = −I . (II.2)
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Such families appear in the context of two-dimensional lattice tight-binding TRI systems where H(k) describe
the Bloch Hamiltonians. Condition (II.1) means that such Hamiltonians are effectively defined on the d-
dimensional Brillouin torus Td = Rd/(2πZd). The map θ realizes the odd time reversal and (II.2) expresses
the time-reversal symmetry of the system. The existence of θ squaring to −I requires that N be even.
Suppose that there exists ǫF ∈ R that is not in the spectrum of H(k) for all k. Such a situation
corresponds to systems that are insulators in the fermionic second-quantized ground state that fills all 1-
particle eigenstates of H(k) with eigenvalues < ǫF , called the valence-band states. Let P (k) be the
spectral projectors of H(k) corresponding to such eigenvalues. The projectors P (k) depend smoothly on
k mod 2πZ and satisfy the relation
θP (k)θ−1 = P (−k) (II.3)
following from (II.2). The ranges of P (k) form a vector sub-bundle E of the trivial bundle Td × CN that
will be called the valence subbundle. We shall denote by n its rank, i.e. the dimension of the ranges of
projectors P (k). Necessarily, n is even due to the time-reversal symmetry (II.3). In d = 2, 3, the vector
bundle E is trivializable. This follows from the vanishing of its first Chern number(s), another consequence
of (II.3) [15]. The trivializability of E means that there exists a smooth family (ei(k))ni=1 of vectors in C
N ,
such that ei(k) = ei(k + b) for b ∈ 2πZd, and, for each k, (ei(k)) form an orthonormal basis of the range
of P (k). In what follows, a prominent role will be played by the n×n unitary “sewing matrices” w(k) with
the entries
wij(k) =
〈
ei(−k)|θej(k)
〉
, (II.4)
depending smoothly on k mod 2πZ and obeying the relation
w(−k) = −w(k)T . (II.5)
That relation implies that the matrix w(k) is antisymmetric at points of Td where k = −k mod 2πZd,
the so called TRIM (time-reversal invariant (quasi-)momenta). There are 2d such points in Td. It also
follows from (II.5) that detw(k) = detw(−k) for all k. The latter relation implies that detw(k) does not
wind along the basic cycles of Td so that one may define a smooth function ln detw(k) = ln detw(−k)
on Td uniquely up to a global additive constant in 2πiZ. In particular, one may define smooth roots
p
√
detw(k) = exp[ 1p ln detw(k)] over T
d up to a global factor equal to a pth root of unity.
In [13], Kane and Mele realized that in dimension d = 2, there is an obstruction KM ∈ Z2 whose non-zero
value forbids that (ei(k)) be composed of Kramers’ pairs satisfying the conditions
e2i(−k) = θe2i−1(k) (II.6)
for all k. Note that relations (II.6) demands that w(k) be composed of k-independent 2× 2 matrices(
0 −1
1 0
)
(II.7)
placed diagonally. In [8], the Kane-Mele obstruction KM to achieve such a form of w(k) was expressed with
the help of arbitrary family of sewing matrices via the multiplicative relation
(−1)KM =
∏
TRIM∈T2
√
detw(k)
pf w(k)
(II.8)
where the product is over the four TRIM in T2, pf denotes the pfaffian defined for antisymmetric matrices
and
√
detw(k) is defined as above. Since
√
detw(k)/pf w(k) squares to 1, the right hand side of (II.8) is
±1. It is independent of the global sign ambiguity in the definition of
√
detw(k) and may be shown [7] to
be independent of the choice of the trivialization (ei(k)), determining uniquely KM ∈ Z2. It was rigorously
shown in [5] and in [6] that KM is the only obstruction for trivializing the 2d TRI valence bundle with
Kramers’ pairs.
The first part of the present note is devoted to the proof of the following result announced in [11]
Theorem. (−1)KM = exp[iSWZ(w)] (II.9)
that establishes the equality between the Kane-Mele index KM ∈ Z2 and the two-dimensional Wess-Zumino
(WZ) action SWZ(w) divided by π of the unitary-group-valued field T
2 ∋ k 7→ w(k) ∈ U(n). The WZ
2
action in question is defined following Witten’s prescription [18]: one extends the field w to a U(n)-valued
map W on an oriented 3-dimensional manifold B with boundary ∂B = T2, demanding that W |∂B = w,
and one sets
SWZ(w) =
∫
B
W ∗H, (II.10)
where H is a closed bi-invariant 3-form on the unitary group U(n),
H =
1
12π
tr (g−1dg)3 (II.11)
normalized so that its 3-periods are in 2πZ. An extension W of w always exists for a suitable B and the
right hand side of (II.10) is well defined modulo 2π. This makes 1πSWZ(w) defined modulo 2 and the WZ
Feynman amplitude exp[iSWZ(w)] uniquely defined.
Remark. It is not difficult to proof using the basic properties of the WZ action, see Appendix, that the
right hand side of (II.9) is equal to ±1, does not depend on the choice of the trivialization (ei(k)) of the
valence bundle E and is invariant under smooth deformations of w preserving the symmetry (II.5), so that
the formula (II.9) renders more transparent the topological nature of the 2d Fu-Kane-Mele invariant.
It will be more convenient in the sequel to remove a U(1) contribution from w and to work with an
SU(n)-valued field
w˜(k) = ( n
√
detw(k))−1w(k) (II.12)
on T2 using one of the smooth nth roots defined above. One may choose an extension W of w such that
W = DW˜ , where D : S 7→ U(1) extends ( n
√
detw(k))−1 and W˜ : S 7→ SU(m) extends w˜. By the formula
(A.10) in Appendix,
W ∗H = (DW˜ )∗H = D∗H + W˜ ∗H + 3d[(D−1dD) tr (W˜ dW˜−1)] = W˜ ∗H (II.13)
because D∗H = 0 for dimensional reasons and tr(W˜dW˜−1) = 0 because the 1-form W˜dW˜−1 takes values
in traceless matrices. It follows that
exp[iSWZ(w)] = exp[iSWZ(w˜)] . (II.14)
Note that w˜(k) still satisfies the relation (II.5), i.e.
w˜(−k) = −w˜(k)T (II.15)
and that at the TRIM,
pf w˜(k) =
pf w(k)√
detw(k)
=
1
pf w˜(k)
(II.16)
so that
(−1)KM =
∏
TRIM∈T2
pf w˜(k) . (II.17)
Hence the Theorem above may be reduced to the following result that localizes the WZ amplitude of w˜ at
the TRIM:
Proposition 1. exp[iSWZ(w˜)] =
∏
TRIM∈T2
pf w˜(k) . (II.18)
III. WESS-ZUMINO AMPLITUDE AS A GERBE HOLONOMY
In order to prove Proposition 1, we shall reinterpret the WZ amplitude exp[iSWZ(w˜)] as the holonomy of a
bundle gerbe1 G over the group SU(n) [4, 12, 14]. That will provide a local expression for the WZ amplitude
1 All bundle gerbes and line bundles considered below come equipped with a Hermitian structure and a Hermitian connection
and their isomorphisms are be assumed to respect those structures.
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of w˜ with multiple cancellations, allowing at the end its localization at the TRIM. Loosely speaking, (bundle)
gerbes are structures one degree higher than line bundles. Their holonomies are defined along closed surfaces
rather than along loops and their curvatures are closed 3-forms rather than closed 2-forms. The gerbe G
over SU(n), called basic, is characterized, up to isomorphism, by its curvature equal to the 3-form H of
(II.11) (restricted to the special unitary group). We shall employ a construction of G from [12], that we
briefly recall here, giving subsequently a local expression for the holonomy of G.
Let λi, i = 1, . . . , n− 1, be the standard choice for simple weights of the Lie algebra su(n) given by the
diagonal n× n matrices with the entries( n−i
n
, . . . ,
n−i
n
i times
,
−i
n
, . . . ,
−i
n
)
(III.1)
and let λ0 = 0. Below, λij will stand for the difference λj − λi for i, j = 0, . . . , n − 1. One chooses a
covering (Oi), i = 0, . . . , n− 1, of SU(n) composed of open subsets
Oi =
{
g = γ e2πiτγ−1
∣∣ γ ∈ SU(n), τ = n−1∑
j=0
τjλj with 0 ≤ τj ,
∑
j
τj = 1, τi > 0
}
(III.2)
equipped with smooth 2-forms
Bi(g) =
1
4π
tr((γ−1dγ) e2πiτ (γ−1dγ) e−2πiτ ) + i tr((τ − λi)(γ
−1dγ)2 (III.3)
such that dBi = H |Oi . Let Oi ∩Oj ≡ Oij be a double intersection of sets of the covering. Then
Bij(g) = Bj(g)−Bi(g) = − trλij(γ
−1dγ)2 (III.4)
is a closed 2-form over Oij . If
g = γ e2πiτγ−1 = γγ−10 e
2πiτγ0γ
−1 ∈ Oij (III.5)
then, necessarily, γ0 ∈ Gij , where
Gij = {γ0 ∈ SU(n) | γ0λijγ
−1
0 = λij}. (III.6)
All groups Gij are connected and they contain the Cartan subgroup T ⊂ SU(n) composed of the diagonal
SU(n) matrices. Let χij : Gij → U(1) be the character of Gij defined by the relations
χij(I) = 1 , d lnχij(γ0) = tr(λijγ
−1
0 dγ0) . (III.7)
In particular, for a real traceless diagonal matrix φ,
χij(e
iφ) = ei tr(λijφ) . (III.8)
Over the double intersections Oij one considers the line bundles Lij composed of the equivalence classes
[γ, ζ]ij with ζ ∈ C such that
(γ, ζ) ∼ij (γγ
−1
0 , χij(γ0)ζ) (III.9)
for γ0 ∈ Gij . The line bundle Lij comes equipped with the Hermitian structure |[γ, ζ]ij | = |ζ| and the
Hermitian connection induced by the connection form
Aij(g) = tr(λijγ
−1dγ) (III.10)
whose curvature is given by the 2-form Bij . Finally, over the triple intersections Oijk there exist line-bundle
isomorphisms Lij ⊗ Ljk
tijk
−→Lik defined by
tijk
(
[γ, ζ]ij ⊗ [γ, ζ
′]jk
)
= [γ, ζζ′]ik (III.11)
that behave in an associative way over the quadruple intersections Oijkl so that
tikl ◦ (tijk ⊗ IdLkl) = tijl ◦ (IdLij ⊗ tjkl) . (III.12)
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The isomorphisms tiij and tiji permit to canonically identify Lii with the trivial bundle Oi × C and Lji
with the line bundle L−1ij dual to Lij . The basic gerbe G over SU(n) is defined by the structure described
above, i.e. G = ((Oi), (Bi), (Lij), (tijk)).
Bundle gerbes over a manifold M allow to define a U(1)-valued holonomy of smooth maps φ : Σ → M
from a closed oriented surface Σ to M . In particular, for the basic gerbe G over SU(n) the holonomy
HolG(φ) is identified with the WZ-amplitude exp[iSWZ(φ)], and the use of the gerbe structure allows to
write a local expression for the latter as described in [12], see also the earlier works [1, 10]. This is done in
the following way. One chooses a triangulation {(c), (b), (v)} of Σ, composed of triangles c, edges b and
vertices v, that is sufficiently fine so that it is possible to fix indices ic, ib, iv satisfying
φ(c) ⊂ Oic , φ(b) ⊂ Oib , φ(v) ∈ Oiv . (III.13)
For each b ⊂ c, let us denote by holLicib (φ|b) the parallel transport in the line bundle Licib along the (open)
curve φ|b for b oriented as the boundary edge of the triangle c. Thus
holLicib (φ|b) ∈ ⊗v∈b
(Licib)
±1
φ(v) , (III.14)
where (Lij)
±1
g denotes the fiber of Lij over g ∈ Oij or its dual, and on the right hand side the plus (the
minus) sign is chosen if the vertex v is the end point (the starting point) of the oriented edge b. The local
expression for the gerbe holonomy takes the form
HolG(φ) = exp
[
i
∑
c
∫
c
φ∗Bic
]
⊗
(b,c)
b⊂c
holLicib (φ|b) . (III.15)
As it stands, the right hand side, is an element of the line
⊗
(b,c)
b⊂c
(
⊗
v∈b
(Licib)
±1
φ(v)
)
= ⊗
v
(
⊗
(b,c)
v∈b⊂c
(Licib)
±1
φ(v)
)
(III.16)
that may be canonically identified with C using the isomorphisms tijk, see [12] or [11] for more details.
Such an identification defines HolG(φ) as a (modulus 1) complex number that is independent of the choice
of the triangulation of Σ and the assignments (ic, ib, iv), as may be easily checked.
Above we assumed that ∂Σ = ∅. In the case when ∂Σ 6= ∅ and is composed of a closed loop, the right
hand side of (III.15) cannot be canonically viewed as an element of C but only as an element of the line
⊗
(v,b)
v∈b⊂∂Σ
(Livib)
±1
φ(v) ≡ (L
G)φ|∂Σ (III.17)
with the same sign convention that in (III.14). Such lines may be canonically identified for different trian-
gulations of ∂Σ (composed of edges b and vertices v) defining the fibers (LG)φ|∂Σ of the transgression line
bundle LG over the loop group LSU(n) canonically associated to the gerbe G [12]. Hence
HolG(φ) ∈ (L
G)φ|∂Σ (III.18)
in this case. The lines (LG)ϕ related to loops ϕ differing by an orientation-preserving reparameterization
are canonically isomorphic and those related by an orientation-reversing reparameterization are canonically
dual. More generally, if ∂Σ = ⊔Sa is composed of loops Sa then
HolG(φ) ∈ ⊗
a
(LG)φ|Sa ≡ (L
G)φ|∂Σ , (III.19)
where the rightmost term is the shorthand notation.
Now suppose that n = 2m is even and consider the map g
r
7−→ −gT on SU(n). If g = γ e2πiτγ−1 ∈ Oi
then
r(g) = (γ−1)Tω−1e2πiτ
r
ω γT for ω =
(
0 Im
−Im 0
)
, (III.20)
where Im stands for the unit m×m matrix, and e2πiτ
r
= −ω e2πiτω−1 for τr =
∑
τjλjr , where 0 ≤ jr ≤
n− 1, jr = j +m mod n. The expression for τr results from the relation
ωλj ω
−1 = λjr − λm (III.21)
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that is straightforward to check. It follows that if g ∈ Oi then r(g) ∈ Oir , i.e. r maps Oi into Oir . Since
the map j 7→ jr is an involution on the set {0, 1, . . . , n − 1}, r(Oi) = Oir . A simple calculation using the
invariance of trace under the transposition shows that
r∗Bir =
1
4π
tr((ωγTd((γ−1)Tω−1)) e2πiτ̂ (ωγTd((γ−1)Tω−1)) e−2πiτ̂ )
+ i tr((τ − λir )(ωγ
Td((γ−1)Tω−1))2
=
1
4π
tr((γTd((γ−1)T )) e2πiτ (γTd((γ−1)T )) e−2πiτ ) + i tr((τ − λi)(γ
Td((γ−1)T ))2
= −
1
4π
tr(e−2πiτ ((dγ−1)γ) e2πiτ ((dγ−1)γ) − i tr(((dγ−1)γ)2(τ − λi)
= −
1
4π
tr((γ−1dγ) e2πiτ (γ−1dγ) e−2πiτ ) − i tr((τ − λi)(γ
−1dγ)2 = −Bi . (III.22)
Lemma 1. There are line-bundle isomorphisms ν : Lji → r∗Lirjr defined by
ν([γ, ζ]ji) = [(γ
−1)Tω−1, ζ]irjr . (III.23)
that intertwine the groupoid multiplication.
Proof of Lemma 1. First we have to check that the definition of ν is independent of the choice of
representatives of the equivalence classes. Indeed, for (γ, ζ) ∼ji (γγ
−1
0 , χji(γ0)ζ),
((γγ−10 )
−1)Tω−1 = (γ−1)T γT0 ω
−1 = (γ−1)Tω−1ωγT0 ω
−1 (III.24)
and
(ωγT0 ω
−1)−1λirjrωγ
T
0 ω
−1 = ω(γT0 )
−1λijγ
T
0 ω
−1 = ω(γ0λijγ
−1
0 )
Tω−1 = ωλijω
−1 = λirjr (III.25)
so that (ωγT0 ω
−1)−1 ∈ Girjr . Using (III.21) and the defining properties (III.7) of the characters χij , one
easily verifies that
χirjr ((ωγ
T
0 ω
−1)−1) = χji(γ0) . (III.26)
Hence
((γ−1)Tω−1, ζ) ∼irjr ((γ
−1)Tω−1(ωγT0 ω
−1), χirjr ((ωγ
T
0 ω
−1)−1)ζ) = ((γγ−10 )
−1)Tω−1, χji(γ0)ζ) (III.27)
implying that ν is well defined. The identity
tr(λirjrωγ
Td(γ−1)Tω−1) = tr(λijγ
Td(γ−1)T ) = tr(λij(dγ
−1)γ) = tr(λjiγ
−1dγ) (III.28)
shows that ν intertwines the connections. Clearly, it also intertwines the Hermitian structures and the
groupoid multiplication.
It follows from Lemma 1 that the isomorphisms ν intertwine also the parallel transport:
holLirjr (r ◦ φ|b) = holr∗Lirjr (φ|b) = ν
(
holLji(φ|b)
)
, (III.29)
where on the right hand side ν is understood to act on each tensor factor of an element of ⊗
v∈b
(Lji)
±1
φ(v).
IV. PROOF OF PROPOSITION 1
Equipped with the gerbe technology, we shall calculate the holonomy of the basic gerbe G over SU(n) in
the case when Σ = T2 and φ = w˜ satisfies relation (II.15) that may be rewritten as the identity
r ◦ w˜ = w˜ ◦ ϑ (IV.1)
for the involution ϑ of T2 induced by the map k 7→ −k. Let T2+ be the closure of the right half of T
2,
i.e. its part corresponding to points k = (k1, k2) with 0 ≤ k1 ≤ π, and T2− = ϑ(T
2
+) be the closure of
the complementary part of T2, see Fig. 1. Let us choose a (sufficiently fine) triangulation of T2 that is
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FIG. 1: Triangulation of T2 for the calculation of HolG(w˜)
symmetric under ϑ and that restricts to triangulations of T2± and contains the TRIM as vertices. For such
a triangulation, we shall choose a maximally symmetric assignment of indices satisfying
iϑ(c) = i
r
c , iϑ(b) = i
r
b , iϑ(v) = i
r
v (IV.2)
for all triangles c, all edges b, and for all vertices v except for the TRIM for which such a choice would not
be possible. Separating the contributions to HolG(w˜) on the right hand side of (III.15) into the ones coming
from T2+ and T
2
−, we obtain
HolG(w˜) =
(
exp
[
i
∑
c⊂T2
+
∫
c
w˜∗Bic
]
⊗
(b,c)
b⊂c⊂T2+
holLicib (w˜|b)
)
⊗
(
exp
[
i
∑
c⊂T2
−
∫
c
w˜∗Bic
]
⊗
(b,c)
b⊂c⊂T2
−
holLicib (w˜|b)
)
. (IV.3)
There are several cancellations between the two contributions on the right hand side. First, due to (IV.1),
(IV.2) and (III.22),
exp
[
i
∑
c⊂T2
−
∫
c
w˜∗Bic
]
= exp
[
i
∑
c⊂T2
+
∫
ϑ(c)
w˜∗Birc
]
= exp
[
i
∑
c⊂T2
+
∫
c
ϑ∗w˜∗Birc
]
= exp
[
i
∑
c⊂T2
+
∫
c
w˜∗r∗Birc
]
= exp
[
− i
∑
c⊂T2
+
∫
c
w˜∗Bic
]
(IV.4)
so that the integrals over the triangles cancel out reducing formula (IV.3) to
HolG(w˜) =
(
⊗
(b,c)
b⊂c⊂T2+
holLicib (w˜|b)
)
⊗
(
⊗
(b,c)
b⊂c⊂T2
−
holLicib (w˜|b)
)
. (IV.5)
Now note that, as explained in Sec III,
⊗
(b,c)
b⊂c⊂T2+
holLicib (w˜|b) ∈ (L
G)w˜|
∂T2
+
, ⊗
(b,c)
b⊂c⊂T2
−
holLicib (w˜|b) ∈ (L
G)w˜|
∂T2
−
= (LG)−1w˜|
∂T2
+
, (IV.6)
see (III.19), permitting to view the right hand side of (IV.5) as a number in a way consistent with the
previous such interpretation based on the subsequent use of maps tijk. From (IV.1), (IV.2) and (III.29) we
further obtain:
(LG)−1w˜|
∂T2
+
∋ ⊗
(b,c)
b⊂c⊂T2
−
holLicib (w˜|b) = ⊗(b,c)
b⊂c⊂T2+
holLircirb
(w˜|ϑ(b))
= ⊗
(b,c)
b⊂c⊂T2+
holLircirb
(w˜ ◦ ϑ|b) = ⊗
(b,c)
b⊂c⊂T2+
holLircirb
(r ◦ w˜|b) = ν
(
⊗
(b,c)
b⊂c⊂T2+
holLibic (w˜|b)
)
. (IV.7)
Let us represent ∂T2+ as ℓ ∪ ϑ(ℓ), where ℓ is the union of two closed vertical intervals between the TRIM
(π, 0), (π, π) and (0, π), (0, 0), respectively, see Fig. 1. For v ∈ ℓ, we shall write
w˜(v) = γve
2πiτvγ−1v ∈ ∩
b⊂ℓ
v∈b
Oivib (IV.8)
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so that w˜(ϑ(v)) = r(w˜(v)) = (γ−1v )
Tω−1e2πiτ
r
vωγTv , see (III.20). By the left of relations (IV.6), the definition
of the line (LG)w˜|
∂T2
+
, see (III.17) and (III.19), and the ϑ-symmetry of the triangulation of ∂T+ together
with (IV.2),
⊗
(v,b)
v∈b⊂∂T2+
(Livib)
±1
w˜(v) ∋ ⊗
(b,c)
b⊂c⊂T2+
holLicib (w˜|b) = ⊗(v,b)
v∈b⊂ℓ
v 6∈∂ℓ
((
[γv, ζv]
±1
ivib
⊗ [(γ−1v )
Tω−1, ζ′v]
∓1
irvi
r
b
))
⊗
(
⊗
(v,b)
v∈b⊂ℓ
v∈∂ℓ
(
[γv, ζv]ivib ]
±1 ⊗ [(γ−1v )
Tω−1, ζ′v]
∓1
ivirb
))
(IV.9)
for some ζv, ζ
′
v ∈ C, where [γ, ζ]
−1
ij denotes the element of L
−1
ij dual to [γ, ζ]ij in Lij that may be identified
with [γ, ζ−1]ji ∈ Lji. Similarly, from (IV.7),
⊗
(v,b)
v∈b⊂∂T2+
(Livib)
∓1
w˜(v) ∋ ⊗
(b,c)
b⊂c⊂T2
−
holLicib (w˜|b) = ν
(
⊗
(v,b)
v∈b⊂ℓ
v 6∈∂ℓ
((
[γv, ζ
−1
v ]
±1
ibiv
⊗ [(γ−1v )
Tω−1, ζ′−1v ]
∓1
ir
b
irv
))
⊗
(
⊗
(v,b)
v∈b⊂ℓ
v∈∂ℓ
(
[γv, ζ
−1
v ]ibiv ]
±1 ⊗ [(γ−1v )
Tω−1, ζ′−1v ]
∓1
ir
b
iv
)))
. (IV.10)
Upon using (III.23) and the relation
(((γ−1)Tω−1)−1)Tω−1 = (ωγT )Tω−1 = γ ωTω−1 = γ (−I) , (IV.11)
this gives
⊗
(b,c)
b⊂c⊂T2
−
holLicib (w˜|b) =
(
⊗
(v,b)
v∈b⊂ℓ
v 6∈∂ℓ
(
[(γv)
−1)Tω−1, ζ−1v ]
±1
irvi
r
b
⊗ [γv(−I), ζ
′−1
v ]
∓1
ivib
))
⊗
(
⊗
(v,b)
v∈b⊂ℓ
v∈∂ℓ
(
[(γ−1v )
Tω−1, ζ−1v ]irvirb ]
±1 ⊗ [γv(−I), ζ
′−1
v ]
∓1
irvib
))
. (IV.12)
Since χij(−I) = (−1)i−j , as may be easily seen from (III.8), this can be rewritten using (III.9) as
⊗
(b,c)
b⊂c⊂T2
−
holLicib (w˜|b) =
(
⊗
(v,b)
v∈b⊂ℓ
v 6∈∂ℓ
(
[(γv)
−1)Tω−1, ζ−1v ]
±1
irvi
r
b
⊗ [γv, (−1)
iv−ibζ′−1v ]
∓1
ivib
))
⊗
(
⊗
(v,b)
v∈b⊂ℓ
v∈∂ℓ
(
[(γ−1v )
Tω−1, ζ−1v ]irvirb ]
±1 ⊗ [γv, (−1)
iv+m−ibζ′−1v ]
∓1
irvib
))
=
(
⊗
(v,b)
v∈b⊂ℓ
v 6∈∂ℓ
(
[(γv)
−1)Tω−1, ζ−1v ]
±1
irvi
r
b
⊗ [γv, ζ
′−1
v ]
∓1
ivib
))
⊗
(
⊗
(v,b)
v∈b⊂ℓ
v∈∂ℓ
(
[(γ−1v )
Tω−1, ζ−1v ]irvirb ]
±1 ⊗ [γv, (−1)
ivζ′−1v ]
∓1
irvib
))
. (IV.13)
The factors (−1)ib canceled because each b ⊂ ℓ appeared two times, and similarly for the factors (−1)iv
for v ∈ ℓ, v 6∈ ∂ℓ. The factors (−1)m also disappeared as they occurred four times. Substituting (IV.9) and
(IV.13) to (IV.5) and using the duality between pairs of factors in the tensor product, we observe that all
the contributions from v 6∈ ∂ℓ cancel out so that
HolG(w˜) =
(
⊗
(v,b)
v∈b⊂ℓ
v∈∂ℓ
(
[γv, ζv]ivib ]
±1 ⊗ [(γ−1v )
Tω−1, ζ′v]
∓1
ivirb
))
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⊗(
⊗
(v,b)
v∈b⊂ℓ
v∈∂ℓ
(
[(γ−1v )
Tω−1, ζ−1v ]irvirb ]
±1 ⊗ [γv, (−1)
ivζ′−1v ]
∓1
irvib
))
= ⊗
(v,b)
v∈b⊂ℓ
v∈∂ℓ
(
[γv, (−1)
ivζvζ
′
v]ivirv ]
±1 ⊗ [(γ−1v )
Tω−1, ζvζ
′
v]
∓1
ivirv
)
, (IV.14)
where the last line was obtained using the isomorphisms tivibirv and tivirb irv . But v ∈ ∂ℓ are TRIM for which
w˜(v) = r(w˜(v)) implying that
γve
2πiτvγv = (γ
−1
v )
Tω−1e2πiτ
r
vωγTv ∈ Oivirv (IV.15)
and, consequently, that τ = τr and
γv0 = γ
−1
v (γ
−1
v )
Tω−1 ∈ Givirv . (IV.16)
Hence, by (III.9),
HolG(w˜) = ⊗
(v,b)
v∈b⊂ℓ
v∈∂ℓ
(
[γv, (−1)
ivζvζ
′
v]ivirv ]
±1 ⊗ [γvγv0, ζvζ
′
v]
∓1
ivirv
)
= ⊗
(v,b)
v∈b⊂ℓ
v∈∂ℓ
(
[γv, (−1)
ivζvζ
′
v]ivirv ]
±1 ⊗ [γv, χivirv (γv0)ζvζ
′
v]
∓1
ivirv
)
= ⊗
(v,b)
v∈b⊂ℓ
v∈∂ℓ
(−1)ivχivirv (γv0)
∓1 . (IV.17)
Lemma 2. For an antisymmetric SU(n) matrix w˜ = γe2πiτγ−1 = r(w˜) = (γ−1)Tω−1e2πiτωγT ∈ Oiir and
for γ0 = γ
−1(γ−1)Tω−1,
pf w˜ = im
2
(−1)iχiir (γ0) . (IV.18)
Assuming Lemma 2, the substitution of (IV.18) for w˜ = w˜(v) and v ∈ ∂ℓ to the right hand side of (IV.17)
permits to complete the proof of Proposition 1 (recall that pf w˜(v) = ±1).
Proof of Lemma 2. Let us first suppose that w˜ ∈ O0m. Since w˜ = γ e2πiτγ0ωγT and γ ∈ SU(n), it
follows that e2πiτγ0ω is an antisymmetric matrix and that
pf w˜ = det(γ) pf(e2πiτγ0ω) = pf(e
2πiτγ0ω) . (IV.19)
Under the assumption that w˜ ∈ O0m, τ =
n−1∑
j=0
τjλj with τjr = τj and τ0 = τm > 0. Due to (III.21),
ωτω−1 =
n−1∑
j=0
τjλjr − λm = τ − λm . (IV.20)
Recall that λm = diag[
1
2 , . . . ,
1
2 ,−
1
2 , . . . ,−
1
2 ]. If 2πτ = diag[ϕ1, . . . , ϕn] then (IV.20) means that
diag[ϕm+1, . . . , ϕn, ϕ1, . . . , ϕm] = diag[ϕ1 − π, . . . , ϕm − π, ϕm+1 + π, . . . , ϕn + π] , (IV.21)
i.e. (ϕm+1, . . . , ϕn) = (ϕ1 − π, . . . ϕm − π). It follows that
m∑
j=1
ϕj =
πm
2
. (IV.22)
Besides, as γ0 ∈ G0m and λ0m = λm, the matrix γ0 has a block structure with m×m blocks:
γ0 =
(
γ′0 0
0 γ′′0
)
(IV.23)
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and χ0m(γ0) = det γ
′
0 = det γ
′′
0
−1
as is easy to see from (III.7). Since
γ−1(γ−1)T = γ0ω =
(
0 γ′0
−γ′′0 0
)
(IV.24)
is a symmetric matrix, it follows that γ′′0 = −(γ
′
0)
T . Hence
e2πiτγ0ω =
(
0 diag[eiϕ1 , . . . , eiϕm ]γ′0
diag[eiϕm+1 , . . . , eiϕn ](γ′0)
T 0
)
=
(
0 diag[eiϕ1 , . . . , eiϕm ]γ′0
−diag[eiϕ1 , . . . , eiϕm ](γ′0)
T 0
)
=
(
0 diag[eiϕ1 , . . . , eiϕm ]γ′0
−(diag[eiϕ1 , . . . , eiϕm ]γ′0)
T 0
)
(IV.25)
and from the standard formula for the pfaffian of a block off-diagonal antisymmetric matrix,
pf(e2πiτγ0ω) = (−1)
m(m−1)/2 det(diag[eiϕ1 , . . . , eiϕm ]γ′0) = (−1)
m(m−1)/2ei(ϕ1+···+ϕm) det(γ′0)
= (−1)m(m−1)/2im det(γ′0) = i
m2 det(γ′0) = i
m2χ0m(γ0) , (IV.26)
which, together with (IV.19), proves (IV.18) for i = 0.
Suppose now that w˜ ∈ Oiir . In this case, w˜′ = z−iw˜ = −(w˜′)T ∈ O0m for z = e−2πi/n being the
generator of the center of SU(n). Let ω1 be the n× n matrix in SU(n) such that ω1el = eπi/nel+1 in the
action on the vectors of the canonical basis of Cn (with the identification en+1 = e1). Then
ω1λjω
−1
1 = λj+1 − λ1 , ω
i
1λjω
−i
1 = λj+i − λi , ω = e
−πiλmωm1 , (IV.27)
ωi1 e
2πi
n−1∑
j=0
τjλj−i
ω−i1 = e
2πi
n−1∑
j=0
τjλj−2πiλi
= z−i e2πiτ , (IV.28)
where j in λj is taken modulo n. Hence, if w˜ = γ e
2πiτγ−1 then w˜′ = γ ωi1 e
2πi
∑
j
τjλj−i
ω−iγ−1. Let
γ′0 = (γω
i
1)
−1((γωi1)
−1)Tω−1 = ω−i1 γ
−1(γ−1)T ((ω−11 )
T )iω−m1 e
πiλm
= e−πi i/m ω−i1 γ
−1(γ−1)Tωi1ω
−m
1 e
πiλm = e−πi i/m ω−i1 γ
−1(γ−1)Tω−1e−πiλmωi1e
πiλm
= e−πi i/m ω−i1 γ0 e
−πiλmωi1e
πiλm . (IV.29)
In other words, γ′0 ∈ G0m satisfies the relation
eπi i/m γ′0 e
−πiλm = ω−i1 γ0 e
−πiλmωi1 . (IV.30)
As the adjoint action of ωi1 sends λ0m to λiir , it maps G0m into Giir and intertwines the characters χ0m
and χiir . From (IV.30), it follows then that
χ0m(e
πi i/m γ′0 e
−πiλm) = (−1)iχ0m(γ
′
0 e
−πiλm) = χiir (γ0 e
−πiλm) . (IV.31)
Relation (III.8) and the equalities tr(λiλm) =
{
i/2
(n−i)/2
}
for
{
i≤m
i≥m
}
imply that
χ0m(e
−πiλm) = e−πim/2 = i−m , χiir (e
−πiλm) = eπi tr((λi−λir )λm) = (−1)ii−m . (IV.32)
Hence (IV.31) reduces to the identity
χ0m(γ
′
0) = χiir (γ0) . (IV.33)
Using (IV.18) for i = 0, we infer then that
i−m
2
pf(w˜′) = χ0m(γ
′
0) = χiir (γ0) . (IV.34)
But pf w˜′ = pf(e2πi i/nw˜) = (−1)i pf w˜ and (IV.18) for general i follows completing the proof of Lemma 2.
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V. 3d FU-KANE-MELE INVARIANT AND THE CHERN SIMONS ACTION OF THE BERRY
CONNECTION
We shall show here that the relation between the strong Fu-Kane-Mele invariant KMs ∈ Z2 for 3d TRI
topological insulators [9] and the Chern-Simons (CS) action of the Berry connection of the valence bundle,
first rigorously established in [7], is a corollary of the Theorem obtained in the previous sections. The
invariant KMs was defined in [9] by the formula
(−1)KM
s
=
∏
TRIM∈T3
√
detw(k)
pf w(k)
(V.1)
similar to (II.8) but with the product over the 8 TRIM in the 3d Brillouin torus. The non-Abelian Berry
connection A of the valence bundle E over T3 is defined using an orthonormal frame (ei(k)), i = 1, . . . , n,
globally trivializing E . It is a matrix-valued 1-form on T3 given by the formula
Aij(k) =
〈
ei(k)|dej(k)
〉
= −Aji(k) . (V.2)
It determines the CS 3-form
CS(A) =
1
4π
tr
(
AdA+
2
3
A3
)
(V.3)
and the CS action
SCS(A) =
∫
T3
CS(A) . (V.4)
Under the change of the trivializing frame,
ei(k) =
∑
i
U(k)i′i e
′
i(k) , (V.5)
the connection form transforms by the gauge transformation A′ = UAU−1 + UdU−1 and the CS 3-form by
CS(A′) = CS(A) + U∗H +
1
4π
d(tr(U−1dU)A , (V.6)
where the 3-form H on U(n) is given by (II.11). The transformation rule (V.6) results in the relation
SCS(A
′) = SCS(A) +
∫
T3
U∗H (V.7)
which implies that the CS action SCS(A) changes by multiples of 2π under gauge transformations (recall
that the 3-periods of H are in 2πZ) and that the CS Feynman amplitude exp[iSCS(A)] is gauge invariant.
We shall show the following result:
Proposition 2. (−1)KM
s
= exp
[
iSCS(A)
]
. (V.8)
Proof. The argument below closely follows [16], using at the end our Theorem from Sec. II. Let us start by
taking e′i′(k) = θei(−k) as the new trivialization of E . One has
ei(k) =
∑
i′
〈
θei′(−k)|ei(k)
〉
θei′(−k) =
∑
i′
〈
ei(k)|θei′ (−k)
〉
e′i′(k)
=
∑
i′
wii′ (−k) e
′
i′(k) = −
∑
i′
wi′i(k) e
′
i′(k) , (V.9)
where we used the symmetry (II.5) of w. It follows from the previous discussion that A′ is a gauge trans-
formation of A,
A′ = wAw−1 + wdw−1 , (V.10)
and, from (V.6), that
CS(A′) = CS(A) + w∗H +
1
4π
d tr
(
(w−1dw)A
)
= CS(A) + w∗H +
1
4π
d tr(ATw−1dw) . (V.11)
11
−T3+
2T0 T2pi
3T
k3
k2
k1
FIG. 2: 3d Brillouin torus T3
But, by the antiunitarity of θ,
A′i′j′(k) = 〈θei′(−k)|dθej′ (−k)〉 = 〈dej′(−k)|ei′(−k)〉 = −〈ej′(−k)|dei′(−k)〉 = −Aj′i′(−k) . (V.12)
or A′ = −ϑ∗AT for ϑ : T3 → T3 induced by k 7→ −k. This implies that CS(A′) = ϑ∗CS(A) and, with the
use of (V.11), that
ϑ∗CS(A) = CS(A) + w∗H +
1
4π
d tr(ATw−1dw) . (V.13)
Integrating the latter identity over T3, remembering that ϑ reverses the orientation of T3, we obtain the
relation [16]
SCS(A) = −
1
2
∫
T3
w∗H . (V.14)
Let, similarly as in 2d, T3± correspond to the parts of T
3 with ±k1 ∈ [0, π], see Fig 2. Then∫
T3
w∗H =
∫
T
3
+
w∗H +
∫
T
3
−
w∗H =
∫
T
3
+
(w∗H − ϑ∗w∗H) =
∫
T
3
+
(w∗H − (wT )∗H) = 2
∫
T
3
+
w∗H (V.15)
using the symmetry (II.5) and the relation (wT )∗H = −w∗H . Hence
SCS(A) = −
∫
T
3
+
w∗H . (V.16)
Exponentiating the latter identity, one finally obtains
exp
[
iSCS(A)
]
= exp
[
− i
∫
T
3
+
w∗H
]
=
exp
[
iSWZ(w|k1=0)
]
exp
[
iSWZ(w|k1=π)
] , (V.17)
where the second equality follows easily from the definition (II.10) of the WZ action. Denote by T2a the
two-dimensional subtorus of T3 corresponding to k1 = a for a = 0, π, see Fig. 2. By our main Theorem of
Sec. II,
exp
[
iSWZ(w|k1=a)
]
=
∏
TRIM∈T2a
√
detw(k)
pf w(k)
. (V.18)
Identity (V.1) follows now from (V.17) and (V.18), completing the proof of Proposition 2.
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VI. CONCLUSIONS
We have proved that the Fu-Kane-Mele Z2-valued invariant of 2d time-reversal-symmetric crystalline insu-
lators can be expressed as the properly normalized Wess-Zumino action of the sewing matrix field defined
on the Brillouin torus T2. This was done by the localization of the WZ action in question at the four time-
reversal-invariant (quasi-)momenta, obtained using the bundle-gerbe technique. Our result shed new light
on the 2d Fu-Kane-Mele invariant and its topological nature. Applied in the 3d setup, it also permitted a
direct proof of the relation between the strong Fu-Kane-Mele invariant of TRI crystals and the Chern-Simons
action of the non-Abelian Berry connection on the bundle of valence states over the Brillouin torus T3.
Previously, the present author with collaborators established different relations between the 2d and 3d Fu-
Kane-Mele invariants and the Wess-Zumino action [2, 3, 11]. In particular, the 2d Fu-Kane-Mele invariant was
described in terms of the properly defined square root of the Wess-Zumino amplitude of the unitary-group-
valued field U(k) = I − 2P (k) and the strong 3d Fu-Kane-Mele invariant in terms of a related ±1-valued
index of the 3d version of the same field. Those constructions were extended to the case of periodically forced
TRI crystalline systems allowing to define Z2-valued refinements of the Z-valued dynamical indices that were
introduced in [17] for Floquet systems without TRI. As discussed in [11], the geometric framework of those
works involved Z2 equivariant structures on gerbes. A direct relation between the constructions presented
there and the simpler ones described here is still missing. In particular, it is not clear whether it is possible
to extend directly the static discussion of the present paper to the case of periodically forced crystals.
Appendix
We establish here (in the reversed order) the properties of the WZ amplitude exp[iSWZ(w)] claimed in
Remark in Sec. II.
First, for a smooth family of fields wt(k) defined on T
2 such that wt ◦ϑ = −wTt for all t (with ϑ induced
by k 7→ −k) the well known formula for the derivative of the WZ action, easily following from the definition
(II.10), gives:
d
dt
SWZ(w(t)) =
1
4π
∫
T2
tr
(
(w−1t ∂twt)(w
−1
t dwt)
2
)
=
1
4π
∫
T2
ϑ∗tr
(
(w−1t ∂twt)(w
−1
t dwt)
2
)
=
1
4π
∫
T2
tr
(
((wTt )
−1∂tw
T
t )((w
T
t )
−1dwTt )
2
)
=
1
4π
∫
T2
tr
(
((wTt )
−1∂tw
T
t )((w
T
t )
−1dwTt )
2
)T
= −
1
4π
∫
T2
tr
(
((dwt)w
−1
t )
2(∂twt)w
−1
t
)
= −
1
4π
∫
T2
tr
(
(w−1t ∂twt)(w
−1
t dwt)
2
)
= 0 , (A.1)
implying the invariance of the WZ amplitude exp[iSWZ(w)] under smooth deformations of w preserving the
symmetry (II.5).
Next, let us consider a change of the trivialization of the valence bundle
ei(k) =
∑
i′
Ui′i(k) e
′
i′(k) (A.2)
with unitary U(k). For the sewing matrices, this gives:
wij(k) =
〈
ei(−k)|θej(k)
〉
==
∑
i′,j′
Ui′i(−k)Uj′j(k)
〈
e′i′(−k)|θe
′
j′ (k)
〉
=
∑
i′,j′
U−1ii′ (−k)U
−1
jj′ (k)w
′
i′j′(k) (A.3)
so that w(k) = U−1(−k)w′(k)(U−1(k))T or
w′(k) = U(−k)w(k)U(k)T . (A.4)
The map T2 ∋ k 7→ U(k) ∈ U(n) can be smoothly contracted to the one
T
2 ∋ k 7→ Un1,n2(k) = diag[e
i(n1k1+n2k2), 1, . . . , 1] , (A.5)
where n1, n2 ∈ Z are the winding numbers of detU(k) along the basic cycles of T2. By the previous
argument, it is enough to check the relation exp[iSWZ(w
′)] = exp[iSWZ(w)] for U(k) = Un1,n2(k). Besides,
by an SL(2,Z) change of variables k, one may achieve that n1 = 0. Let D be the unit disc in C. Then
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B = D × S1 is a 3-manifold with the boundary S1 × S1 ∼= T2. Since detw(k) has no windings, there exists
a smooth contraction
[0, 1]× T2 ∋ (r, k) 7−→ W (r, k) ∈ U(n) (A.6)
such that W (1, k) = w(k) and W (r, k) = I for r close to zero. We shall identify W with a smooth map
defined on B by setting
W (reik1 , eik2) =W (r, k) . (A.7)
Consider two other smooth maps V1,2 : B → U(n) given by
V1(re
ik1 , eik2) = diag[e−in2k2 , 1, . . . , 1] , V2(re
ik1 , eik2) = diag[ein2k2 , 1, . . . , 1] . (A.8)
The product map W ′ = V1WV2 : B → U(n) is a smooth extension of w′(k) = U0,n2(−k)w(k)U0,n2(k)
T to
the interior of B so that, by Witten’s prescription,
SWZ(w
′) =
∫
B
(W ′)∗H =
∫
B
(V1WV2)
∗H
=
∫
B
(
V ∗1 H +W
∗H + V ∗2 H +
1
4π
d tr
(
(V −11 dV1)WV2d(WV2)
−1 + (W−1dW )V2dV
−1
2
))
, (A.9)
where we applied twice the formula
(W1W2)
∗H =W ∗1H +W
∗
2H +
1
4π
d tr
(
(W−11 dW1)W2dW
−1
2
)
(A.10)
holding for two U(n)-valued maps W1,2 on the same domain. Since V
∗
1 H = 0 = V
∗
2 H for dimensional
reasons, we infer that
SWZ(w
′)− SWZ(w)
=
1
4π
∫
∂B
tr
(
(V −11 dV1)W (V2dV
−1
2 )W
−1 − (V −11 dV1)(dW )W
−1 + (W−1dW )V2dV
−1
2
)
=
1
4π
∫
T2
tr
(
diag[−in2dk2, 0, . . . , 0] w diag[−in2dk2, 0, . . . , 0]w
−1
−diag[−in2dk2, 0, . . . , 0] (dw)w
−1 + (w−1dw) diag[−in2dk2, 0, . . . , 0]
)
. (A.11)
Changing the variables k 7→ −k in the integral on the right hand side and using the symmetry (II.5) of w
together with the invariance of trace under the transposition, one shows that the integral in question is equal
to its negative, hence it vanishes.
Finally, note that W˜ (r, k) = −W (r,−k)T is also a contraction of w(k) and, as W , it may be regarded
as defined on B. Then
SWZ(w) =
∫
B
W˜ ∗H =
∫
B
(−WT )∗H = −
∫
B
W ∗H = −SWZ(w) (A.12)
modulo 2π, implying that exp[iSWZ(w)] = (exp[iSWZ(w)])
−1 = ±1.
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